Given non-negative integers j and k, an L( j, k)-labeling of a graph G is a function f from the vertex set V (G) to the set of all non-negative integers such that
Introduction
The frequency assignment problem is to assign a frequency to each radio transmitter so that nearby transmitters are assigned frequencies whose separation is not in a set of disallowed separations to avoid interference. Roberts (private communication with Griggs) proposed a variation of the channel assignment problem in which "close" transmitters must receive different channels and "very close" transmitters must receive channels that are at least two channels apart. To formulate the problem in graphs, the transmitters are represented by the vertices of a graph; two vertices are adjacent if they are "very close" and at distance two in the graph if they are "close". More precisely, we define a function as follows: given non-negative integers j and k, an L( j, k)-labeling of a graph G is a function f from the vertex set V (G) to the set of all non-negative integers such that There are considerable articles studying the L(2,1)-labelings (see [2] [3] [4] [5] [6] [8] [9] [10] [11] [12] [14] [15] [16] ). Most of papers are considering the values of λ on particular classes of graphs. Motivated by the upper bound Δ + 1 on the chromatic number χ for any graph G in terms of the maximum degree Δ of G, Griggs and Yeh [6] gave an upper bound Δ 2 +2Δ on λ 2,1 (G) for any graph G. Later, Chang and Kuo [4] reduced the bound to Δ 2 + Δ. Král andSkrekovski [10] further improved the bound by one.
Inspired by the fact that the λ 2,1 number of a diameter-two graph is at most Δ 2 and the bound is attainable by several graphs, Griggs and Yeh [6] proposed the following conjecture.
Conjecture. For any graph G with maximum degree
In this paper, we study the L(1,1)-labelings and the L(2,1)-labelings on planar graphs. All graphs in this article are assumed simple (that is no loops or multiple edges).
Coloring the square of a graph
Recall that a (proper vertex) coloring of a graph G = (V, E) is an assignment of colors to V (G) so that adjacent vertices receive distinct colors. A coloring with k colors is called a k-coloring. If there is a k-coloring in G then we say that G is k-colorable. Given a graph G, the chromatic number of G, denoted by χ(G), is the smallest k such that there is a k-coloring on G. For convenience, we use positive integers to represent colors.
The square of G, G 2 , is the graph with the vertex set V and the edge set E = {uv : u and v are at distance at most two in G,
By the definition of L(1, 1)-labeling, it is easy to see that
The following two well-known results can be found in any graph theory textbook (cf. [18] , for example).
Lemma 2.1. If G is a k-critical graph with minimum degree δ(G), then δ(G)
≥ k − 1.
Theorem 2.2. If G is a graph, then χ(G) ≤ 1 + max H ⊆G δ(H ).
Analogous to these two propositions, we have
Further we have the following result.
Proof. Let G 1 be a λ 1,1 -critical subgraph of G with the same λ 1,1 number. By Lemma 2.3, we have
δ(H ))Δ(G).
It is known that every simple planar graph has a vertex of degree at most 5 and further every simple outerplanar graph has a vertex of degree at most 2. Hence max H ⊆G δ(H ) ≤ 5, for G a simple planar graph and max H ⊆G δ(H ) ≤ 2, for G a simple outerplanar graph. Note that a subgraph of a planar (outerplanar) graph is also planar (outerplanar). Therefore we have the following corollary to Proposition 2.5. Bodlaender et al. [2] proved that λ 1,1 (G) ≤ 3Δ + 11 if G is simple planar and λ 1,1 (G) ≤ Δ(G) + 4 if G is simple outplanar. Recently Molloy and Salavatipour [13] proved that λ 1, It is easy to see that λ 2,1 ≤ 2λ 1,1 (cf. [6] or [12] ). Thus the following result is a straightforward corollary to Proposition 2.5.
Theorem 2.7. λ 2,1 (G) ≤ 2(max H ⊆G δ(H ))Δ, where Δ is the maximum degree of G.

Applications
In this section, we denote by p and q the order (number of vertices) and the size (number of edges) of a graph G, respectively. Suppose a graph G can be embedded in a surface M so that there are f faces (or regions). Then the Euler characteristic, ch M (G), of G for the surface M is defined to be the value p − q + f . Note that the famous Euler's formula on the planar graph tells us that ch(G) = 2 whenever M is a plane (cf. [17] and [18] ).
Lemma 3.1 ([1]). Let G be a connected graph with girth g. Then q
Proof. By Lemma 3.1, we have δ ≤
The theorem then follows. Let G be a connected graph that is embedded on a surface M with genus γ (M). Then, regions on M are produced. A 2-cell is a region such that every closed curve in the interior can be continuously contracted to a point. A 2-cell embedding is an embedding where every region is a 2-cell. If G is 2-cell embeddable in a surface M then
Using some well-known inequalities (cf. [18] , for example) on the size and the order of a planar graph or a toroidal graph G, we can obtain an upper bound on δ(G) and hence on the value of max H ⊆G δ(H ). Thus we have the following easy results by applying Theorem 2.7. Note that a graph is called a planar (toroidal) graph if it is embeddable in the surface of genus 0 (1), respectively. 
In previous articles, Jonas [9] first gave an upper bound 8Δ − 13, if Δ ≥ 5 on λ 2,1 for a planar graph. Later Bodlaender et al. [2] gave another upper bound 3Δ + 28. Recently van den Heuvel and McGuinness [7] provided a different bound 2Δ + 34. The values of these bounds are various depending on the value of Δ. For example, 10Δ is better than Jonas' result for Δ ≤ 4; 10Δ ≤ 3Δ + 28 and 10Δ ≤ 2Δ + 34 for Δ ≤ 4. 
